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Abstract 

A computational methodology of a micromechanics cell model is proposed to establish the constitutive law during material 
fracture. As an application example, the ductile fracture process has been investigated and a new model parameter function for damage 
is obtained based on a computational cell modeling technique. Aspects of computer implementation for finite element and meshfree 
methods are described. The technique is applied to numerical examples including necking behavior of a tensile bar, a cracked panel 
under tension, an edge notched panel under pure bending, a plane strain plate under compression, and the ductile tearing with large 
deformation of a notch-bend specimen. The applications of Reproducing Kernel Particle Method (RKPM) for the ductile fracture 
process involving damage evolution is studied and multiresolution analysis has also been performed on shear bands. The analytical and 
numerical results confirm that the proposed computational methodology provides an effective way to establish the relationship between 
macroscale and microscale mechanical behaviors, in conjunction with considering material heterogeneities such as damage at various 
scales. The numerical results also show that the multiple scale RKPM possesses a strong ability to capture the physical phenomena 
such as shear band, large deformation, and the material instability during damage evolution. 0 2000 Elsevier Science S.A. All rights 
reserved. 
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1. Introduction 

Experimental research reveals that in a commonly applied engineering material defects such as cavities, 
microcracks, and heterogeneities between different phases exist at different length scales. A fracture may 
occur when the applied stress/strain is much lower than the critical value predicted by classical strength 
theory. To establish the constitutive law during the failure process for such materials and to develop the 
corresponding numerical procedure for simulating global fracture behavior in a structure are interesting 
topics for both theoretical research and engineering applications. 

For example, ductile fracture is a common cause of failure in engineering structures. A damaged ductile 
material consists of two parts: matrix medium and damage, e.g. voids (see Fig. 1). From experimental 
studies, ductile fracture is dominated by the accumulation of localized large strain and damage in the forms 
of void nucleation, growth, and coalescence. During ductile fracture, the deformation field at a crack tip is 
governed by localized shear bands between the crack tip and voids or between two or more voids. 

To establish the constitutive law that can describe the complete ductile deformation process starting 
from small strain to fracture, an understanding of the damage evolution law and the criterion for the onset 
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Fig. 1. A part of the solid structure represented by a unit cell. 

of material collapse is required. For the material with a 
have proposed a void growth law obtained from the 
perfectly-plastic body: 

damage in the form of cavity, Rice and Tracey [47] 
solution of a single spherical void in an infinite, 

(1.1) 

where k = 0.283 is a constant and r, orn are the radius of the void and the hydrostatic stress, respectively. 
Pa’ is the maximum principal deviatoric plastic strain rate at infinity [47]. The dot represents the material 
t!me derivative. 

For an incompressible, isotropic power-law material containing a spherical void, Budiansky and 
Hutchinson [5] have analyzed the evolution of the void shape and size under different combinations of 
remote stresses. The influence of nonlinearity on the growth rate of the void has also been investigated. For 
this type of material, from the strain-rate potential of voided matrix, Duva and Hutchinson [8] have derived 
the corresponding constitutive relations as well as the general expression of the evolution law for void 
growth: 

(1.2) 

where W represents the ratio between remote hydrostatic stress and equivalent stress, f the volume fraction 
and n the hardening exponent of the matrix material. 

Relations such as Eqs. (1,l) and (1.2) provide the evolution law of the damage in the form of void under 
remote applied load. For an engineering material, the critical damage, as is often measured by the maxi- 
mum allowance of damage during a stable void growth evolution, is also very important for the under- 
standing and simulating a failure process since it represents the onset of plastic collapse and determines the 
maximum applied load that a material element can stand. 
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Based on the cell model concept suggested by Rice and Tracey [47], Gurson [l l] has derived the upper 
bound solutions for cylindrical cells and spherical cells with/without rigid inclusion. The Gurson’s solutions 
provide the relationship between damage and stresses at the instance of onset of plastic collapse. They have 
been used to establish the yield criterion of a ductile material with damage [44]. Until recently, Gurson 
model has been widely used to simulate ductile crack growth [57,5 1,9,13]. 

For a single cell with various void shapes and boundary conditions, only a few upper bound solutions 
can be found. The interacting effects between voids and the large deformation during void evolution may 
cause significant deviation from the analytical upper bound solutions obtained by using single cell modeling 
under simplified boundary conditions. Thus, there still exists a gap between cell modeling and actual en- 
gineering applications. For example, four solutions with different expressions have been derived from the 
single cell models suggested by Gurson [l 11, in which several constants are still undetermined. Tvergaard 
has proposed a general yield criterion using Gurson’s upper bound solution for cylindrical cell model with 
three additional constants. It has been widely used in engineering applications for many years. However, 
there is still some debate about the definition of these three constants. The experimental and theoretical 
results of [14] indicate that the cavitation instabilities in elastic-plastic solids is mainly determined by the 
critical value of hydrostatic stress. Thus the imposed boundary conditions play an important role in void 
growth. The bifurcation phenomenon in the dilatant materials has been investigated by Rudnicki and Rice 

WI. 
In order to establish the constitutive law for a material with damage, the idea of single sphere void 

modeling suggested by Rice and Tracey can be extended to the case of a solid body with distributed damage 
in the form of voids. An ideal model of the rigid perfectly-plastic and strain hardening material with 
uniformly distributed voids is analyzed in the present work. 

The proposed damage instability criterion is given in Section 2. In Section 3, a description of the 
computational cell modeling for ductile fracture is presented. In Section 4, a brief description of the state 
variables used in the damage models is given. The elastoplastic constitutive relations and the numerical 
integration of the constitutive equations are discussed in Section 5. A unique decomposition of the lin- 
earized modulus is presented in Section 6. Several numerical studies are presented in Section 7, including 
necking behavior of a tensile bar, a cracked panel under tension, an edge notched panel under pure 
bending, a plane strain plate under compression, and large deformation fracture of a notch-bend specimen 
by using finite element and meshfree methods. Conclusion and future research are given in Section 8. 

2. Material instability criterion 

2.1. Review 

For an isotropic homogeneous material without damage, the onset of plastic deformation is determined 
by the conditions that the equivalent stress cr,s reaches the flow limit aY. In this paper, definition of Cauchy 
stress is applied. The von-Mises yield surface is given by: 

aeq - by = 0 (2.1) 

or 

( ) 
2 

@Jz z 53 -l=O, 
GY 

where QJ1 is the von-Mises plastic potential and aeq is the equivalent stress 

(2.2) 

(2.3) 

and <y are the components of the deviatoric stress 
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where r~, is the hydrostatic stress 

1 1 
0, = -a, = -0 : I. 

3 3 (2.5) 

With the above decomposition, a Cauchy stress tensor can be expressed as a sum of the hydrostatic part 
and the deviatoric part 

tJ = o,I + 5. (2.6) 

To establish the compatibility between the quantities in microscale and macroscale, the definitions of 
mesoscopic stress and strain, i.e. the average stress and strain over a cell (see Figs. 1 and 2), are applied. 
They were first proposed by Bishop and Hill [4] and recently discussed by Michel and Suquet [42]. 

Mesoscopic strain: The mesoscopic rate of deformation is defined as 

1 
% = - 

f v v 
~~d’=~~v(ir,v+i(ini)dS, (2.7) 

where xi and ui are spatial coordinate and displacement in the cell, respectively. V is the volume of the cell, 
Scell denotes its outer surface, and ni is the component of the unit normal vector of dS (see Fig. 2). 

Mesoscopic stress: 

(2.8) 

where OF is illustrated in Fig. 1. It is noted that when we keep the diameter of void as a constant and let 
the size of the cell become infinite, the definition of mesoscopic strain rate is identical to the remote strain 
rate defined by Rice and Tracey [47]. These definitions of stresses and strains will be used in the finite 
element method (FEM) computation in the next section. 

2.2. Instability criterion 

The mesoscopic strain rate tensor, denoted by ip’, can be decomposed into two parts: 

+Xal 
‘l,i 

= <$+mag” 
‘I 

+ q&x, 
(2.9) 

where E,] ‘damage represents the part of the mesoscopic strain rate tensor caused by damage and <ytrix is the part 
of the strain rate tensor caused by the deformation of the matrix medium without damage. They are under 
the same boundary condition (see Fig. 3). If we let ;ptal 
then ;F and $X&X 

denote the maximum principal component of iya’, 
represent the projections of the tensors i? and iytrix on the maximum principal 

direction of ir’, respectively: 

.tota1 6, = EI .damage + qatrix. (2.10) 

The deformation of a material element including a single “damage unit”, such as a void or a microcrack 
can be divided into two stages. In the stable stage the total deformation is governed by the strain in the 

e3 

L e2 

e1 

Fig. 2. The unit normal vector of ds in a cell, &I 

n 

ds 
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S cell 
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Fig. 3. The plastic equivalent mesoscopic strain in different matrices 

matrix material. The material element is in the unstable stage when the stress level or the imposed defor- 
mation is sufficiently high such that the work made available from the matrix surrounding the damage unit 
is enough to drive a continued evolution of the damage. The physical quantities which can capture the 
transition point between these two stages can be defined as the instability criterion. 

From both experimental research and numerical simulations it has been observed that the ratio of iytriX 
and ipmage is approximately constant in the stable stage and, on the contrary, the value of ipmage ’ increases 
much more rapidly in the unstable stage. Therefore in the present work, we use ti20 - the ratio of damage 
strain rate E ‘Idamage (in the present work, the damage refers to voids) to matrix strain rate j;latrix: 

.damage 

9 
m20 = .matrix 

9 
(2.11) 

to symbolize the deformation state of a material element associated with damage evolution. When m20 
reaches the critical value that is denoted by m 20, i.e. 6%~~ = rn20 the material element is at the transition point 
from the stable stage to the unstable stage. 

Usually m20 is a function of the stress state and the state variables which control the damage evolution 
process. For a rate-independent material, m 2. can be determined at the bifurcation point. Thus, 

.damage 
9 

Acdamage 
I 

m20 = .matrix = - when 
doI 

El 
A@T,atnx 

V = 0, 
I 

dematnx 
I 

(2.12) 

where aI is similarly defined as the maximum principal value of Oij. For ductile fracture, the damage has a 
similar form of voids so that eFmage = epid. It follows that 

qoid G m20<yatrix in the stable deformation stage (2.13) 

and 

fI 
.void > m20gyatrix in the unstable deformation stage. (2.14) 

This type of behavior is verified later by a numerical study (see Fig. 11). 
As mentioned previously, in the present work we focus on the ductile fracture process. Thus rn20 is taken 

as a function of the void volume fraction,5 the average orientation and geometry of voids, stress state and 
material constants of the matrix. Obviously, using advanced experimental instrumentation ipid and iytriX 
can be calibrated directly and rnzo can be obtained by fitting test data. Instead of sophisticated experimental 
research, in the present work we will present a computational method to determine rn20 based on the cell 
model, only the common engineering material constants of the matrix are required. 
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3. Cell model 

Cell model calculations are widely used to simulate and study the behavior of porous solids [2,13,19] and 
stochastic damage models of a fatigue crack with micro-defects and the rupture prediction of a multi-phase 
solid [3840]. The application of these micromechanical models is justified by a statistical averaging effect 
over a large number of ‘unit cells’ on the macroscopic scale. Associated with the von-Mises criterion and the 
instability criterion (Eq. (2.12)) in this section cell model will be analyzed to establish the constitutive law 
for ductile fracture. 

3.1. Yield criterion 

In general the plastic flow rule can be expressed as: 

(3.1) 

where A is a flow factor and @ is the mesoscopic plastic potential. In the macroscale, the occurrence of 
plastic yielding for a damaged ductile material means that an unstable deformation takes place due to the 
satisfaction of either Eq. (2.14) in the mesoscopic scale or Eq. (2.2) in the microscopic scale. The purpose of 
applying cell model is to establish the unified mesoscopic yield potential and the corresponding constitutive 
law. Under certain conditions, we can derive the mesoscopic yield criterion analytically. 

For simplification, we assume a periodic distribution of voids in the given material as shown in Fig. 1. 
Each void has an average radius r and the average distance between voids is 210. In Fig. 4, the average 
radius of each void at time t, is assumed as r,, and it becomes u,+~ at time tn+l. The mesoscopic strain rate 
caused by void expansion iyld can be expressed approximately as 

(3.2) 

at time t, void 

r n average radius for each void 

at time t,,, 

r n+l average radius for each void 

Fig. 4. Ductile fracture damage model: r, is an average radius of each void at time t, and r,,, is an average radius of each void at time 

t,,+, 2/o(tn) and 210(tn+,) are the average distances between voids at time t, and &+l, respectively. 
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where Vvoid and V&l are void volume and the volume of cell matrix, respectively. The void volume fractionf 
is defined as 

f _ “aid. 
cell 

The volume for a spherical void Koid is given as 

(3.3) 

Spherical void : Goid = 4 w3 (3.4) 

and the volume of a cell matrix is dependent on the assumed cell geometry. For example, for a hexagonal 
cell: 

V&J = 121: tan30” - 47~7~. (3.5) 

For the ductile materials discussed here, we assume that the matrix medium is incompressible. Then 
substituting Eq. (3.4) into Eq. (3.2) yields: 

Substituting Eq. (1.1) into Eq. (3.6) yields: 

i;oid = 3fs = fj,$tal exp 2 , 

( 1 Y 

(3.6) 

(3.7) 

where ml = 3k. 

To derive the yield criterion in macro-scale, we use the mesoscopic strain rate decomposition, Eq. (2.9), 
and the criterion for the occurrence of plastic collapse, Eq. (2.11). Thus 

.tota1 E, = EI .void + qatrix 

By substitution of Eq. (3.7) into Eq. (3.8) yields 

~total = 1 
&I ( > 1+- fmle, 

30 

m20 
‘tota’ exp m 

( > 20, 

or 

(1 +t)f-’ exp (2) = 1. 

(3.8) 

(3.9) 

(3.10) 

Eq. (3.10) provides the relationship between the damage, i.e. void volume fraction f, and the stress triax- 
iality, b,/by at the transition point from stable deformation stage to unstable stage for the present cell 
model. According to theoretical and experimental results on ductile fracture caused by cavities [1,12,47], 
Rousselier [49] pointed out that in general the plastic potential with damage can be expressed as 

(3.11) 

where @ Damage(~.m/~y) = B . Dexp(o,/a,), B is the function of damage and material properties which can be 
derived from the free energy during deformation process and D is undetermined material constant. Without 
damage, @D~~~~~((T,Jc~) z 0, the plastic potential equation (3.11) reduces to the von-Mises potential: 

Qg = GJ7 = (c~~/o~)~ - 1, while a solid body deformed under pure hydrostatic stress, i.e. geq = 0 leads to 
the form of pure damage potential, 
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@&?=-l+@oamage 5 . 

( 1 OY 

(3.12) 

Comparing Eq. (3.10) with Eq. (3.12) one may find that the right-hand side of Eq. (3.12) works as the 
potential @oarnag+ Substituting it into Eq. (3.1 l), we get the new plastic potential in conjunction with both 
the plastic yielding in matrix and the damage evolution, which we labeled as the HLC model. When a 
damaged ductile material yields, @urc = 0. That is 

@mc(?,$,f) = (?)2+(l+&)jmr exp(2)-l=O. (3.13) 

Eq. (3.13) can be compared with the original Gurson model [l l] with the rigid-perfectly-plastic matrix 
material, 

(3.14) 

Note that 2 cos h(x) -+ exp(x) as x >> 1. Thus, for a ductile material with the damage like voids the HLC 
model is similar to Gurson model. However, from the instability criterion suggested in the present work the 
HLC model can be easily extented to fracture phenomena caused by other kinds of damages, such as 
microcracks, within different matrix materials. 

It is well known that the original Gurson model, Eq. (3.14) is not completely satisfactory. Therefore, 
additional constants 41, q2 and q3 have been incorporated into Eq. (3.14) to become the Gurson-Tverg- 
aard-Needleman (GTN) [44,53] model as 

@GTN = cash(5) - (l+%f-(f)*) =O, (3.15) 

where 41, q2 and q3 are constants and f’v) is defined as 

fG.fi, 
fc<fGh, (3.16) 

l/q, (material is fully damaged), f > ff, 

where fC is the value of the void volume fraction at the time that connection between the voids starts and ff 
is the value of the void volume fraction when the material is fully damaged and the acceleration factor K, 
reflects the acceleration of void growth after the connection. The computed void volume fraction function 
curve is presented in Fig. 5. The region a indicates the growth of existing voids and nucleation of new 
voids,i.e f*(J) = f < fC = 0.02. At the point b , f*(f) = f = fC = 0.02, void coalescence is initiating. The 
region c indicates the acceleration of the void growth after coalescence where KC = 4. After the point d, 
f > ff = 0.1817, the material is considered to be fully damaged and the value of void volume fraction 
function f*(f) is set as 0.667. 

A comparison between the @uLc damage model, Eq. (3.13), and the GTN model, Eq. (3.15), reveals that 
ql, q2 and q3 are not constants. Thus, the major advantage of this proposed cell damage model is: 

given the material constant ml = 3k, the function rn2o can be completely determined by a computational 
cell model and no additional undetermined constants are required. 

The rn20 function is assumed the form of 

m20 (f, ~m/~eq) = 4.f) -p [hW ($)], (3.17) 

where the functions a(f), bv) are computed using cell model. 
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Fig. 5. The void volume fraction function f’. 

3.2. Parameter determination 

Next, a cell model is investigated to determine the parameters function m20 used in Eq. (3.13). We 
consider the continuum shown in Fig. 1 which consists of a periodic assemblage of hexagonal cylindrical 
unit cells approximated by spherical cylinders. This approximation allows for a simple axisymmetric cal- 
culation. In Fig. 6, we consider spherical voids of radius ro located along the axis of a circular cylinder with 
an initial radius EO and an initial spacing of 210 between void centers. 

Fig. 6. Axisymmetric model of a material containing an array of spherical voids. 
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The cylindrical cell surrounding each particle is required to remain a circular cylinder throughout the 
deformation history. Axial-symmetry is assumed about the cell center line for each cell so that only a 
quarter region is analyzed. Rigid perfectly-plastic, elastic perfectly-plastic, and elastic plastic material with 
small hardening have been used for the cell model. In the following only the results of the elastic isotropic 
perfect-plasticity are presented. The material parameters used throughout this section are given by a 
Young’s modulus E = 200 GPa, a yield stress cy = 0.469 GPa, and a Poisson’s ratio v = 0.3. 

The geometry of a cell model for surface integration is illustrated in Fig. 7. Four sides of a cell model are 
denoted as SI, S,, S,, and & with four corners A, B, C, and D. The prescribed boundary conditions are given 
as ic2 = i0 at x2 = lo and zj2 = -i, at x2 = -lo. Considering the x2 direction in Fig. 7, we can calculate the 
total mesoscopic strain rate by using definition, Eq. (2.7). Thus, 

1 

f 

1 
Es2 = - 

V t!V 

iczn2 dS = v 
s 

112112dS=t[Jhl(;hdS-~,i(ilr:dS] =$. (3.18) 
s+.% 

From Eq. (3.18), the mesoscopic strain rate iy’ is given as 

10 .total = _ 
61 

l0 
(3.19) 

Following the same procedure, the strain rate caused by the deformation of matrix medium, <;latrix, can be 
defined as 

(3.20) 

where 1, is the length of matrix medium (see Fig. 8). In the numerical computation, a prescribed dis- 
placement is applied to the upper end of the cell model. To obtain both iFd and E;““‘TiX under the same 
average stress, a specific length, I,, of matrix material is added to the top of the cell model. Thus, according 
to Eqs. (3.19) and (3.20), <p’, <;latrix, and iFid can be calculated under the same load level. Five different 
length ratios of Lo/lo, 10,20,40, 80 and 160, are used in computation. lo is taken to be 5 mm. The geometry 
of the cell model adding matrix material length is shown in Fig. 8. It is shown that the effect of 
Lo/lo = (lo + &)/lo is minimum when Lo/Z0 > 40. For the subsequent calculations, Lo/Z0 = 80 is employed 
and the ratio between the radius of spherical void and the length of matrix, roll0 is 0.4. The maximum 
principal strain rate caused by voids expansion ip is given in Eq. (2.9). Thus, 

.void = .total 
El 

matrix 
E, - E, . 

Recall from Eq. (2.8), we define the mesoscopic stress as 

(3.21) 

1 
Oij = - 

f v av 
a!y nkxj dS, 

Fig. 7. The geometry of an axisymmetric cell model for surface integration. 

(3.22) 
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Undeform Deformed 

Fig. 8. The cell geometry analyzed and the effect of adding matrix material with different length ratios. 

where S is now computed according to Fig. 7 for the cell model. Considering the x2 direction, Eq. (3.22) 
becomes 

1 
u22 = - 

V f 
aF dS. 

8V 

(3.23) 

From Eq. (3.23), we can compute the mesoscopic stress via the finite element analysis. 
The five boundary conditions for the axisymmetric region analyzed numerically are shown in Fig. 9. 

They are labeled as cases l-5. Two extreme cases of boundary conditions, constrained boundary condition 
and free boundary condition, and three different cases of prescribed displacement boundary conditions are 
considered for the cell model in this section. For the case of the constrained boundary, we assume that the 
right hand side boundary of the cell is deformed uniformly without any nucleation of new voids. For 
the free boundary, we assume that the right hand side boundary of the cell is deformed without any 
constraint. Consequently there is nucleation of new small voids between two periodically distributed voids 
during the deformation. For the prescribed displacement boundary conditions, the ratios of u2/uI are given 
in Table 1. 

Two axisymmetric FE models, as shown in Fig. 10, consist of 679 isoparametric quadratic g-node ele- 
ments (2148 nodes) for circular cell geometry and 779 isoparametric quadratic 8-node elements (2458 
nodes) for elliptic cell geometry was used for the calculations. 

Case 1 Case 2 case 3 Case 4 Case 5 

tAU2t 

K 
- 

Au, 

f 
free boundary constrained boundary prescribed displacement 1 prescribed displacement 2 prescribed displacement 3 

Au, /Au,= k, Au, /Au,= k, Au, /Au,= k, 

Fig. 9. Different types of boundary condition: constrained boundary, free boundary and prescribed displacement boundary. 
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Table 1 
The initial values of void volume fraction A with the corresponding boundary conditions. The unit used is mm 

Case 1 Case 2 Case 3 Case 4 Case 5 

II : f. = 0.0427 
I.0 : 10 
a0 : bo : 10 
h/Au, 

III : fo = 0.0833 
??I : 10 

IV : fo = 0.1440 
i.0 : 10 

1.5 : 5 
_ 

2 I free 

1.5 : 5 
_ 
2/o 

2~5 2~5 
- _ 

2 I free 2/o 

2.5 : 5 
- 

2 I free 

2.5 : 5 
- 

2/o 

3:5 
- 

2 I free 

3:5 
_ 

2/o 

- 
1.2 : 1.6 : 5 
2 I 0.02 

_ 
2.32 : 1.5 : 5 
2 I 0.02 

- 
2.28 : 3 : 5 
2 / 0.02 

- 
3.5 : 2.2 : 5 
2 I 0.02 

1.5 : 5 
- 

2 I 0.04 

25 
_ 

2 I 0.04 

2.5 : 5 
- 

2 I 0.04 

3:5 
- 

2 I 0.04 

1.5 : 5 
_ 

0.1 / -0.12 

2:5 
_ 

0.1 I-O.12 

2.5 : 5 
- 

0.1 I-O.12 

3:5 
- 

0.1 I-O.12 

circular void elliptical void 

r. I I- 4 I 

Fig. 10. Axisymmetric FE models (one quarter of a cell) for circular and elliptical void. 

The initial void volume fractions, fo, is simply given by 

~oA$!i2(~)3 spherical void, 
0 0 

ellipsoidal void. (3.24) 

The 11120 function is determined by FE computational simulation through 20 cases of (5 B.C. Cases l-5) 
x (4 initial void volume fraction fo). The 20 cases are tabulated in Table 1. 

Fig. 11 illustrates the complete procedure of this m20 function determination using 20 FE analyses. The 
procedure begins by finding the model parameter 11220 according to the maximum stress (the peak stress) at 
which dc22/dcgtriX = 0, as indicated by the numbers (l-5) in Fig. 1 l(a). Fig. 1 l(a) a presents curves of 
022/aY versus e’;;atrix for the cell model at a fixed initial void volume fraction f. under different boundary 
conditions. As the deformation progresses, a maximum stress is reached and, subsequently, a stress drop 
occurs. This implies that the plastically unstable deformation caused by void growth takes place. Fig. 1 l(b) 
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II (fo= 0.0427) see Figure 6.12 (b, d) 

III (to= 0.0833) see Figure 6.13 (a, c) 

IV (fo= 0.1440) 
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Fig. 11. The computational procedure for model parameter mzo. 

presents the corresponding equivalent strain curve, i.e. e;yid versus egtrix. It shows that the strain caused by 
void expansion increases rapidly after the peak stress and this event is associated with the drop of the stress 
in Fig. 1 l(a). We can determine the criterion for the occurrence of plastic collapse at the transition point 
where the maximum mesoscopic stress drops. As Fig. 11(a) and (b) suggest, the model parameter 11120 is 
determined by the slope of strain curves corresponding to the position of the peak stress location in stress- 
strain curve. Recall from Eq. (2.12) that 

&void 

m20 = A,n$ix when dazz - = 0. &matrix 
22 

(3.25) 

Here we consider that the x2-direction is the maximum principal direction. Fig. 1 l(c) shows the distri- 
bution of mzo values for the cell model at a fixed fo; solid symbols correspond to the m20 at computed values 
of a,/~,, while the solid line presents the maximum likelihood fitting of these values. Finite element 
analysis provides the stress fields to evaluate the value of mesoscopic stress ratio CT~/Q (see Eq. (2.8)) for 
the cell model under different boundary conditions. The fitted distribution of mzo-values at a given f. can be 
expressed as 

m20 = 4,h) . exp H_f ) 
[ O . Wl~ 

where the dimensionless coefficients a and b are given by the exponential curve fitting. By following the 
same procedure, the model parameter m20 is computed repeatedly for the tabulated values of void volume 
fraction, fO as shown in Table 1. For each fo, an exponential fit gives a set of the coefficients a and b. Note 
that each set of values of a and b corresponds to another point of a and b versus fo in Fig. 1 l(d). Therefore, 
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we assume a&) and b(f ) o are linear function of f0 or cf). Consequently, the form of the m20 for a cell model 
simply becomes 

40 = 4.f) . exp b(f) 

[ . EJI- 
(3.27) 

Fig. 12(a) and (b) show the single cell response in terms of the normalized mesoscopic stress, 022/~Y, and 
the matrix equivalent strain, egtrix, for two initial volume fractions of fo = 0.0180,0.0427. The peak stress 
for the cell model varies with the different boundary conditions. Fig. 12(c) and (d) provide the corre- 
sponding distribution of the void equivalent strain, e;yd to the matrix equivalent strain, eT;;atrix. These results 
show that the strain caused by void expansion increases rapidly with small amount of the matrix-strain 
after the peak stress, i.e. plastic collapse. Fig. 13 shows similar results to Fig. 12 but with initial volume 
fractions off0 = 0.0833,0.1440. From Figs. 12 and 13, the model paramenter m20 is evaluated according to 
the previous procedure as shown in Fig. 11 and Eq. (3.25). 
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Fig. 12. The single cell model response: The normalized mesoscopic stress, uz2/gyy, versus matrix plastic equivalent strain, $latnx, 
(a) fo = 0.0180, (b) fo = 0.0427 and void plastic equivalent strain, l ;fd, versus matrix plastic equivalent strain, l ztriX, (c) f0 = 0.0180, 
(d) fo = 0.0427. 
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Fig. 13. The single cell model response: The normalized mesoscopic stress, CT~~/+, versus matrix plastic equivalent strain, cgtr’x, 
(a)fY = 0.0833, (b)fo = 0.1440 and void plastic equivalent strain, e;yd, versus matrix plastic equivalent strain, ~;;a’“‘, (c) f0 = 0.0833, 
(d)f, = 0.1440. 

The computed values of the model parameter rn20 is tabulated in Table 2 for different values off0 and 
(T,/Q. Note that the values indicated with * are computed by using elliptical void mesh. As described in 
Fig. 11, an exponential curve fitting is applied to the data for each fo. The results are plotted against crn/oeq 
in Fig. 14(a); the scatter symbols correspond to rnzo-values and the solid line presents the curve fitting of 
these values. Table 3 summarizes the fitting coefficients a and b obtained from the exponential curve fit 
(Fig. 14(a)) for different values of fo. These data are plotted versus f. in Fig. 14(b). By using linear curve 
fitting (Fig. 14(b)), the fitting coefficients a and b are represented by a linear function of void volume 
fraction f and a constant, respectively. Thus 

aV‘) = 1.109 - 2.323f, b = 0.352. 

By substitution of Eq. (3.28) into Eq. (3.27) yields 

rn20 = (1.109 - 2.323f) exp 

(3.28) 

the final form of ml0 

(3.29) 
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Table 2 

Model parameters rnla for different values of initial void volume fraction f0 and the values indicated with * are computed by using 

elliptical void mesh 

fo = 0.0180 

cnl~eq 0.33 2.8 4.26 6.01 8.78 

m20 1.12 3.15 5.82 11.50 29.93 

f0 = 0.0427 

ClllGq 

m20 

0.33 2.4 5.51* 9.24 11.75 

1.04 2.23 6.41* 20.25 49.09 

f. = 0.0833 

%J oeq 

m20 

0.33 1.99 4.03’ 6.11 1.57 

0.98 1.86 3.75’ 7.840 14.08 

fo = 0.1440 

u?nm/uq 

m20 

0.33 1.62 2.02 4.53 6.21 

0.84 1.33 1.56’ 3.650 6.550 
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5- 
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OO 
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u a=1.109-2.323f 
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PI 

Fig. 14. (a) Damage model parameter rn20 versus CT,,,/CT,~ and the corresponding exponential curve fitting: rnzo = aexp(b(o,/oeq)); 
(b) the exponential fitting coefficients a and b and the corresponding linear fit. 

Table 3 

The exponential fitting coefficients a and b for different values of initial void volume fraction fo 

rn2a = a exp(b cr,/a,,) 

fo 0.0180 0.0427 0.0833 0.1440 

; 0.3847 1.1023 0.9576 0.3349 0.8926 0.3605 0.7927 0.3300 
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3.3. A comparison between the HLC model and the Gurson model 

Fig. 15 illustrates the effect offon the yield surface for the two damage models. The comparison of the 
yield surfaces for the cell model using the parameter function m20, Eq. (3.13), with the Gurson model, 
Eq. (3.14) (i.e. q1 = q2 = q3 = 1 in Eq. (3.15)) is also shown in Fig. 15. Large values offreduces the size of 
the yield surface, which means that the capacity of the material to carry a load is decreasing. Whenfreaches 
a critical value that marks the failure of the material due to void coalescence, the yield surface will 
degenerate to a point. It implies that the material has been totally damaged and can no longer support any 
load. 

By transforming the equivalent shear stress, (~,s, and hydrostatic stress, c,, into the principal stress space 
in Eq. (3.13) a three-dimensional representation of the yield surface in principal-stress space for the 
damage model is depicted in Fig. 16. Similarly, one can see that the yield surface shrinks as the value off 
increases. 

-0 0.5 1 1.5 2 2.5 3 3.5 

om/oy 

Fig. 15. Comparison of the yield surface for cell model (solid line) with the predictions of the Gurson model (dashed line). 

/ 
2 

I 

4 -0 

Fig. 16. The yield surfaces in principal-stress space, von-Mises circular cylinder and the HLC model with different values off: 
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4. Evolution of the state variables 

In general, the yield function, which involves the first and second invariants of the stress tensor and the 
damage parameters, can be expressed as 

@(GO G&&i) = 0, (4.1) 

where the damage parameters are denoted by Hi, i = 1,2, . . . , n. They are a set of state variables. The state 
variables can be the equivalent plastic strain, the void volume fractions, the density of microcracks, etc. 
Next, we briefly discuss two state variables used in this section. 

4.1. Microscopic equivalent plastic strain 

The first state variable in the damage models is the microscopic equivalent plastic strain i?. It is assumed 
that the rate of the equivalent plastic work, (1 - f) gY$‘, in the matrix material is equal to the rate of plastic 
work, G : 2. That is: 

d : I? = (1 - f)a$Y (4.2) 

From this assumption, the microscopic equivalent plastic strain is defined as 

(4.3) 

4.2. Void volume fraction 

The second state variable used in the damage models is the void volume fractionf. The rate of growth of 
the void volume fraction, j, is written in the following form [44,53]: 

. 
f = fgrowth + fnucleatlon. (4.4) 

Eq. (4.4) states that the rate of change in the void volume fraction during an increment of deformation is 
partly due to the growth of existing voids and also partly due to nucleation of new voids. The rate change of 
the void volume fraction due to the growth of existing voids is related to the change of the total volume as: 

“L&X& = (1 - f)C” : I. (4.5) 

For the part due to nucleation of voids, the commonly used model is [44] 

_Lcleation = d(by+a,) +L?i@, 

where d and g are parameters often given by the following models. Chu and Needleman [7] assumed that 
there is a mean equivalent plastic strain for nucleation, E,, and that the nucleation strain is normally dis- 
tributed about the mean values. Thus, the functions of z&’ and S# in Eq. (4.6) for a strain-controlled nu- 
cleation are 

d = 0 and B = $exp [ -i(y)l; (4.7) 

where s,, is the standard deviation of the distribution and fn is the volume fraction of void nucleating 
particles for strain-controlled nucleation. Here we consider plastic strain controlled nucleation so that 
Eq. (4.4) becomes 

j = (1 -f)P : I + 278. (4.8) 
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5. Elastoplastic constitutive relations 

5.1. Elastoplastic constitutive equations 

In the absence of damage, i.e. f = 0, the small deformation strain rate decomposition into elastic and 
plastic parts for the class of elastoplastic constitutive model is assumed to be 

& = &’ + kP, 

where 2 is the total strain rate, Z is the elastic strain rate and &P plastic strain rate. 

(5.1) 

For linear isotropic elasticity, 

d=Ce:Ee, 

where 6 is the Cauchy stress and C” is the fourth order tensor 

(5.2) 

(5.3) 

The parameters A and ,u are the two LamC elastic constants and K and G are bulk moduli and elastic shear 
moduli, respectively. 

From experimental observation of most metals, the stress rate ir is found to be governed by the elastic 
strain rate. In other words, the elastic response is unaffected by plastic flow. Therefore, 

a = C” : g. (5.4) 

Consider a small material element in a solid body. The associated flow law states that the plastic strain 
rate can be written as 

iP=;lE 

aa ’ (5.5) 

where A is the flow factor and @ is the general yield function. Using the chain rule on Eqs. (2.3) and (2.5), 
&B/&r becomes 

a@ 1 a@ 

ab - 3 aa, 
----I+gn, 

=l 
(5.6) 

where 

n=&<, 
=l 

Substituting Eq. (5.6) into Eq. (5.5), the flow law yields 

1 
gP=-_iPI+<Pn 

3 m eq ’ 

(5.7) 

where the volumetric plastic strain rate, iE, caused by the hydrostatic stress is defined by (see Eq. (5.8)) 

a@ 
;p=;l - 

M ( > aa, (5.9) 

-3qlq&* cf) sinh(e) A- 
Y CY ’ 

GTN model, 

= ;i 

f’Cf)m exp 2 
( >[ 

(1+&)&-&.2], HLC model, 
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and the equivalent plastic strain rate, i&, caused by the equivalent stress is defined by (see Eq. (5.8)): 

a@ 
<P=)i - 
eq ( > adeq 

(5.11) 

2Gq 
T> GTN model, 

=)i 
2-f’v)m,exp(@-&.z, HLCmodel. 

(5.12) 

From Eq. (5.8), the two scalar quantities CII, and iiq completely define the rate of change of the plastic strain 
EP. The stress tensor can also be expressed in terms of the hydrostatic stress, a,,,, and the equivalent stress, 
seq. Thus, 

2 
b= a,I+-a+ 

3 
(5.13) 

Return mapping algorithm to determine i; and &,. P . During the integration of constitutive equations, the 
stresses and state variables need to be calculated at the end of each given strain increment. In general, the 
solution of non-linear problems can only be obtained incrementally. Thus the choice of numerical inte- 
gration scheme of the above state variables is important for the accuracy and stability as well as for effi- 
ciency of the computer implementation. Several algorithms have also been proposed for the integration of 
the elastoplastic equations [45,48,52,56]. 

Recall from Eq. (5.2) the elasticity equation at the end of the increment time, &+I, is 

tr tn+, = C” : E;& = be - C’ : A@, 

where the trial elastic stress is given by: 

(5.14) 

ae = C” : (6;” + Atk). (5.15) 

The return mapping stress can be separated into two parts: volumetric increment and deviatoric increment, 

ts 1,+, =a”-Ce:AtiP 

= a” - KAtiEI - 2GAti&n. 

Using Eq. (5.13), we can rewrite Eq. (5.16) as 

(5.16) 

2 
d f,+, = 4 + -aeqn, 3 

(5.17) 

where 

a,,, = a: - KAtii, 

a e eq = a’eq - 3GAtiFq. 

The subscript (t + 1) is omitted for the simplification of notation. 

(5.18) 

(5.19) 

5.2. Numerical integration of rate type constitutive equations 

An algorithm based on the polar decomposition concept of separating pure deformation and rigid body 
motion is used [ 15,241. 

In order to computer a, and acq in Eqs. (5.18) and (5.19), we need to solve for +$, and iEq. Eliminating )i 
from Eqs. (5.9) and (5.11) yields 

;Pc!_;P !!_, 

m hq eq aa, - . 

(5.20) 

‘P Eq. (5.20) presents the consistency condition with two unknowns iz and E,~. In order to determine these two 
unknowns, the above equation is solved together with the yield function. The yield surface function with an 
associative flow rule assumption can be denoted by the plastic potential function 
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Qi(% C-&q, H,,f&) = 0. (5.21) 

Since Go, geq and Hi are functions of ;H, and i& only, therefore we choose ;E and i& as the primary 
unknowns in Eqs. (5.20) and (5.21). Hence, 

~,(Om(;~),Oeq(i~~),Ejr(i~,i~~,~m,~eq,H,)) = ii;- t&E = 0, 
V m 

and the GTN and HLC yield function (Eqs. (3.15) and (3.13), respectively) are rewritten as 

~2(~m(i~),~eq(i~q),~li(i~,i~q,~mr(Teq,H~)) = @(~m,~eq,ffl,ffZ) = 0. 

Note that for the numerical computation, we replace Ati: and At<gq as follows: 

(5.22) 

(5.23) 

Ati; =+ AE;, 
At? eq =+ A@ eq’ 

(5.24) 

Because of the implicit expression of these unknowns in Eq. (5.21) we solve the equations by using 
Newton’s method. The method is derived from the familiar Taylor series expansion of a function in the 
neighborhood of the vth iteration point:. 

+~~,(A~I“,ArS:‘))dLSV+..., i= 1,2, 

where de: and degq are the increments of AczV) and A@‘(‘) Newton’s method so that: eq m 

&Pb+l) = A$(~, + &!J, 
m 

&P(v+l) = &P(r) + &P 
eq --q eq. 

(5.25) 

(5.26) 

(5.27) 

For small values of de: and deEq, the terms beyond linear in Eq. (5.25) are ignored. In each iteration loop 

the values of A$‘+‘) and Ae$‘+‘) are updated according to Eqs. (5.26) and (5.27). 

6. Decomposition of linearized modulus 

The decomposition of linearized modulus D is made by separating the stress into the equivalent stress 
and the hydrostatic stress. Recall Eq. (5.17) that 

2 
d = 0,I + -geqn. 

3 

Using Eq. (6.1) to separate the stress into the equivalent stress ceq and the hydrostatic stress o,,, gives 

where 

D, = %I, D,, = $n. 

(6.2) 

(6.3) 

(6.4) 

From Eq. (6.1), we find 
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To solve for D, in Eq. (6.3), we pre-multiply both sides of Eq. (6.4) by I. That is 

a6 ag 2 aa 2 an ab 
I:-=I:IL+I:n-~+I:ja,-:---. 
ae aE 3 aE au aE (6.5) 

Rearranging the terms and taking into account that I : I = 3, I : n = 0 and n : n = 3/2, Eq. (6.5) can be 
written as 

z ab - a"m 
. aE a& ) (6.6) 

where 

Therefore, the matrix D, is found to be 

(6.7) 

D, = %I = (Z : D)I. 

Follow the same procedure, we can pre-multiply both sides of Eq. (6.4) by n in Eq. (6.3) to solve D,,. That is 

aa a0, 2 a0 2 an ab 
n:-=n:I-+n:n-z+n:-o -:-. ae ac 3 ae 3 eq a6 ae 

Rearranging the terms, Eq. (6.9) can be written as 

where 

_ 2 an 
Z=n-n:3ceqG. 

(6.8) 

(6.9) 

(6.10) 

(6.11) 

The matrix D,, is found to be 

D,, = $n = (z : D)n. (6.12) 

7. Numerical results 

7.1. Finite element methods 

In the following numerical examples, the cell damage model, Eq. (3.13), along with the function m20, 
Eq. (3.29) derived in the previous section and the Gurson model, Eq. (3.14) (i.e. ql = q2 = q3 = 1 in 
Eq. (3.15)), are used to describe the constitutive behavior of the material and for the comparison. 

7.1.1. Necking of a bar 
The tensile bar is usually regarded as the simplest and the most popular specimen in engineering ap- 

plications. This problem has been studied by Needleman and Tvergaard [43,54]. The necking process of a 
tensile bar reflects the most essential fracture problem. A ductile fracture can be considered as the process of 
necking localizes. Large deformation takes place at the local area of necking which causes the rapid damage 
evolution and the change of constitutive law. 

The specimen is a perfectly-plastic, ferritic pressure vessel steel (A533B). The problem statement and 
material constants are shown in Fig. 17. The cell damage model, Eq. (3.13), along with the function ~20, 
Eq. (3.29), derived in the previous section are used to describe the constitutive behavior of the material. The 
load-time plot is shown in Fig. 18 with several interims indicated. 
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Fig. 17. Necking bar: problem statement and the material constants. 

0.2 0.3 0.4 

Time t 

Fig. 18. Necking bar: load-time plot. 

The high hyperstatic stress and localized deformation cause the plastic strain and damage to evolve 
rapidly in the middle of specimen. Once the void volume fraction at the center of the neck reaches a critical 
value, void coalescence takes place leading to local failure. 

The void volume fraction function f’ is plotted in Fig. 19 as a function of normalized neck radius a/a0 
and extensional strain AL/Lo, respectively. The results are presented with different positions alone the 
x-direction at the center of necking region. From Fig. 21, we have seen that damage takes place starting 
from the middle of the specimen. This can be clearly seen in Fig. 19, where the center point reaches the 
maximum value of void volume fraction faster than the outside points. 

Fig. 20 presents plots of the normalized neck radius alao versus extensional strain AL/&,, the normalized 
load F/Fmax versus normalized neck radius a/a0 and the normalized load F/F,,, versus extensional strain 
AL/Lo. Four different meshes using ABAQWSCAX4 type element are presented in Fig. 19. During the 
plastic deformation, all the results from different meshes are identical. The element size dependence is 
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revealed at the onset of damage. The computational simulation is forced to continue even when the void 
volume fraction function f * reaches its maximum value 0.667. i.e. the material is fully damaged. After the 
material is fully damaged, there is no physical meaning to the computation. This artificial computation is, 
however, important for the simulation of the ductile fracture process with damage. 

Fig. 21 illustrates the contours of the current void volume fraction in the local area near necking; 
Fig. 21(a)-(h) show the results by using the yield criterion from cell model, Eq. (3.13); while 
Fig. 21(i)-(p) present the results by using the Gurson model, Eq. (3.14). 

7.1.2. Cracked panel under rension 

In this section, the damage and deformation fields around a blunted notch-tip is studied. Many research 
studies for crack tip fields have pointed out that ductile fracture in metal involves considerable damage via 
the nucleation and growth of voids. Elastic solutions of cracks present unbounded stress and strain in the 
neighborhood at a crack tip. From the viewpoint of continuum mechanics, a crack tip in general is 
the intersection of two lines. In reality, however, the tip region is irregular and even under a low load level 
the tip front will blunt rapidly due to the large strain concentration. 

Fig. 21. Distribution of damage 

(i.e. y, = q2 = 4~ = 1 in Eq. (3.15)) 

at the necking area: (a)-(h) yield criterion based on cell model, (i) (p) Gurson model 



426 S. Hao et al. I Comput. Methods Appl. Mech. Engrg. 187 (2000) 401440 

Consider a notch with a semi-circular ends and two parallel straight sides as boundaries in a plate. The 
specimen is a perfectly-plastic, ferritic pressure vessel steel (A533B). The problem statement and the ma- 
terial parameters are shown in Fig. 22. The cell damage model, Eq. (3.13) along with the function m20, 

Eq. (3.29) derived in the previous section are used to describe the constitutive behaviour of the material. 
Assuming that the faces of the notch are traction-free. 

Fig. 23 displays the computed load vs displacement curve. The full mesh of 5946 ABAQUS-CPE4 type 
elements (6125 nodes) is shown in Fig. 24(a) with the mesh around the notch shown in Fig. 24(b). 

In Fig. 25 the contours of effective plastic stress are plotted in the current deformed configuration with 
(a-d) corresponding to the intermediate positions depicted in Fig. 23. The contour pattern clearly indicates 
the course of eventual shear band development. Fig. 25(e)-(h) show the results by using the yield criterion 
based on cell model, Eq. (3.13), and Fig. 25(a)-(d) present the results by using the Gurson model, Eq. (3.14) 
(i.e. ql = q2 = q3 = 1 in Eq. (3.15)). By comparison, Fig. 25(e)-(h) show a thinner shear band pattern than 
Fig. 25(a)+d). The configurations in both figures (d) and (h) exhibit the fully developed shear band so- 
lutions. 

At the close vicinity of the notch tip with the scale indicated in Fig. 24(b), an exponential spiral-like shear 
band has been observed in Fig. 26(b) at a relatively lower load level that the global shear band has not yet 

d 

- 

- 

CCP specimen 

E =2OOGPa 
2) = 0.3 

g o y = 0.469 GPa 

E r 
= 0.01 nun 

fe = 0.002 

f” = 0.04 
f, =0.02 

K =4 

E” =0.3 
sn =O.l 

Fig. 22. Cracked panel under tension: CCP specimen. 

Load Line Displacement (mm) 

Fig. 23. Cracked panel under tension: load line displacement. 
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a b 

Fig. 24. Cracked panel under tension: (a) mesh overview; (b) local mesh. 

fully developed. This numerical result coincides to the theoretical solution shown in Fig. 26(a) obtained by 
Rice and Tracey [46]. 

7.1.3. An edge notch panel under pure bending 
This section describes the results of an edge notch panel under pure bending. McClintock [41] applied 

slip line theory to estimate the stresses in different configurations under fully plastic conditions. According 
to the slip line analysis, for a nonhardening material under fully yielded conditions, the stresses near the 
crack tip are not unique, but depend on geometry. The stress and strain fields remote from the crack tip 
may depend on geometry under the assumption that the near-tip fields have a similar form in all config- 
urations. In the previous section, a center-cracked panel in pure tension which is incapable of maintaining 
significant triaxiality under fully plastic conditions is studied. In this section, an edge cracked plate in 
bending exhibits slightly less stress elevation. 

Consider a notch and two parallel straight sides as boundaries in a plate. The problem statement and the 
material parameters are shown in Fig. 27. Fig. 28 displays the normalized moment M/My vs the ratio of 
crack mouth opening displacement (CMOD) to notch depth ao. The yield moment MY is given by [18] 

My = 0.63 (TV . (W - ao)* . B, (7.1) 

where B is the thickness, and W is the width of the piece. 
A mesh of 12196 ABAQUSCPE4 type elements (12461 nodes) is used for finite element analysis. In 

Fig. 29 the contours of deviatoric plastic strain are plotted in the current deformed configuration at six 
different stages corresponding to the intermediate positions depicted in Fig. 28. These figures show the 
evolution of shear bend profiles for an edge notch panel under pure bending. 

Fig. 29(a)-(f) present the results by using the Gurson model, Eq. (3.14) (i.e. q1 = q2 = q3 = 1 in 
Eq. (3.15)), and Fig. 29(g)-(l) show the results by using the yield criterion based on cell model, Eq. (3.13). 
The configurations in figures (f) and (1) exhibit the fully developed shear band solutions for an edge notch 
panel under pure bending. 

7.2. Reproducing kernel particle method 

Among the meshless methods, the Reproducing Kernel Particle Method (RKPM) has been shown to be 
very effective in nonlinear structural analysis and nonlinear elasticity [6,10,17,30,32,55]. The method uses 
the integral transformation with a corrected kernel function to satisfy the reproducing conditions 
[33,29,31,36,27] and to establish numerically reproduced displacement or velocity fields. That is: 

u”(x) = 
s 

C&)~(x - Y)UW dy, (7.2) 
R 

where 4(x -v), CJ x ) are kernel function and correction function, respectively; the subscript a denotes that 
they have the dilation parameter with the value of ‘a’; u”(x) represents the reproduced displacement field. 
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Gut-son model 

e 

b 

HLC model 

Fig. 25. Cracked panel under tcnaion: contour plots of the effective plastic stress, (a) -(d) GLII.SO~ model. (e) (11) the yield criterion by 

cell model. 

Liu et al. [20,23.21.22.25,26,34,28.35,37] also combined the theory of wavelet analysis in RKPM by in- 
troducing wavelets for multiple scale analysis. In multiresolution analysis. the two-level decomposition of a 

given response is defined as [31] 



a b 

Low Scale Solution High Scale Solution 

(Global Slip-Line Field) (Local Slip-Line Field) 

Fi p. 26. Cracked p:tnel under tension: (a) global slip-lme field: ib) local slip-hne field: (c) FEM rcsnlt 

a,:W:L=1:2:8,a, =2Smm 

Elastic modulus = 2.E5 MPa 

Passion ratio = 0.3 

Yield stress = 200 MPa 

Hardening exponent = 10 

F, = 0.0Kli . f, =0.2, i‘, =0.66 

f” = 0.0001 . SD = 0.2. En = 0.1 

Fig. 27. Shear bending of an edge notch panel under pure hending: problem statement and the material parameters 

M : Moment 
a 

M y : Yield moment 

CMOD : Crack mouth aping 

displacement 

Fig. 28. Shear bending of an edge notch panel under pure bending: normalized moment M/M, vs c‘MOD/~r,, 
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Fig. 2Y. Shear bending of an edge notch panel under pure bending: contour of deviatorrc plastic strain at lipmcnt. (a) (tj the yield 

criterion based on ccl1 model, (81 -(I) Gurson model. 

(7.4) 

(7.5) 

(7.6) 



Readers are urged to consult the references for a review of meshless methods and the RKPM formu- 
lations. In the present work, the RKPM has been implemented with the HLC model in an explicit code. In 
order to maintain the computational stability. the one step damped Newtnark method [ 161 has been used 
with ;; = I and fi = 0 for static analyses. The time incremental length At,, is defined as [ 161 

At, < L,,,,,, . (7.7) 
c 

where L,,,,, denotes the minimum distance between nodes in a discretized model and (’ is the dilational wave 
speed. For fracture mechanics problems. the visible principle developed by Belytschko et al. [3] for meshless 
methods is also engaged in the analyses of the structure within crack. Various examples have been per- 
formed which are introduced in following sections. 

7.2.1. Cmcked panel under tension 

In this section, the damage fields around a blunted notch-tip is studied by using RKPM. The problem 
statement and the material parameters are the same as that used in the finite element analyses. In the 
discretized domain 7938 RKPM particles are used. The contours of effective plastic strain are plotted in 

EP eq 
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3.77143E-06 
3,51429E-06 
3,25714E-06 
3E-06 

Fiy. 30. Cracked panel under tension: contour plots of the effective plastic stress uinp RKI’M 
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Fig. 30 within the reference configuration. The contour pattern clearly indicates the shear band develop- 
ment. 

7.2.2. Multiresolution analysis of a plane strain plate under compression 
As an example of an engineering application, a plane strain plate under compression, one of the typical 

metal forming problems, has been simulated in order to study the development of shear bands during 
deformation. 

The problem consists of compressing a plate with flat tools as shown in Fig. 3 1. A plane strain condition 
is assumed. The plate is made of a perfectly-plastic metal with yield stress rry = 410 MPa, Young’s modulus 
E= 210 GPa, Poisson’s ratio v = 0.3 and L = 1 m. Due to the geometric symmetry, only one quarter of the 
plate is discretized by 3721 RKPM particles. The initial plate geometry and the particle distribution are 
shown in Fig. 3 1. The prescribed displacement boundary condition is imposed on the upper end of the plate 
with a time step of 1.0 E-6 (mlsec) for 9000 time steps. 

The deformations of the RKPM analysis at two different time steps are shown in Fig. 32. As expected, 
the shear band clearly develops at an angle of 45”. The multiresolution analysis of the shear band is shown 
in Fig. 33. Based on Eqs. (7.3)-(7.5), the two-level decomposition of a computed displacement increment at 
each time step is defined as: 

aaau 

boundad I 

-IT=- 

Plane strain compression plate Model analyzed 

Fig. 31. Plane strain plate under compression: problem statement and particle distribution. 
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Fig. 32. Plane strain plate under compression: deformed meshes. 
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Autd = AullllIh + Au!“” 

The corresponding strain components are defined as: 

(7.8j 

A&‘@~ =1: ~&&@?r)): A&o\\ 11 ~,,,(Au’““). (7.9) 

it is noted that the (,.j denotes the symmetric part. In the case of small strain and a monotonical loading 
condition, both high and low scale strain can be expressed as the simple sum. As shown in these diagrams, 
the low scale solutions are similar to the total solutions computed by using either finite element or RKPM. 
The high scale solutions with very small magnitude demonstrate the ‘effect zone* of the shear band which 
reveals that the localized deformation with the shear band is related to the deformation in the surrounding 
area. In numerical analysis. the size of ‘effect zone’ can be used for adaptivity. By means of commonly 
applied finite element techniques, this phenomenon has not been observed. The multiresvlution decom- 
positions in RKPM show potential for numerical Iocalizativn and fracture analysis. 

In this section, the deformation process and shear bands in a notch-bend specimen are studied. The setup 
of a plane-strain notch-bend specimen is shown in Fig. 34. According to the classical plastic theory, the slip- 
line field of the specimen has been constructed and presented in Fig. 34. At the upper boundary (Local A), 
the rigid loading die punches into the specimen and works like a penetration process in metal forming 
where an idealy-lubricated contact surface is assumed. At the crack tip (Local B), a Prandtl’s crack tip field 
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Quasi-Static Loading 

Local A: Fan+Homogenous Field 

Global Field: Green-Hencbv Solution (1954) 

Notch-Bend Specimen 
,+-. \ ,.- 

,,“. 

T 
Material points 
flow directions 

Local B: Prandtl’s Crack Tip Field 

Fig. 34. Large deformation fracture and Luders bands in a notch-bend specimen. 

is present. These two local fields are connected by the arc-like shear bands. The global slip-line field has the 
feature of the Green-Henchy solution for a notched bar under pure bending. Thus, the analyzed structure 
represents the basic features of localization phenomenon in the materials. 

The geometrical parameters are a : W : L = 1 : 2 : 8 with a = 0.0762 (m). The deformation processes are 
considered to be quasi-static. The constitutive law introduced previously has been applied but assuming the 
visco-plastic effect for the yield stress of the matrix material. That is: 

where 

(7.10) 

(7.11) 

In the analysis, the material constants are as follows: Young’s modulus E = 210 GPa, o. = 470 MPa, 
Poisson’s ratio v = 0.3, the strain hardening exponent N= 0.001, and the reference strain rate i0 = 0.00218 
with the strain rate exponent m = 0.001. The initial void volume fraction f. = 0 and the volume fraction of 
second material phase for void nucleation is 0.001. 

In the numerical simulation, the specimen is modeled by 5504 RKPM particles. The deformation se- 
quence at different time steps is shown in Fig. 35. Large deformation can be observed with the loading 
process. Note that in the computation, only the contact condition between the specimen and the die at the 
original configuration has been taken into account. Thus in the last configuration in Fig. 35 there are some 
overlap between the right and the left part of the specimen due to large deformation. To demonstrate the 
localized deformation around the crack tip and ligament clearly, a close-up of the deformed RKPM 
particles at the crack tip-ligament area of the specimen is shown in Fig. 36. The comparison between 
particle (meshfree) and mesh-based methods is also presented. As shown in Fig. 36, the mesh-based analysis 
will fail at the final deformation since it leads to a severe mesh distortion. On the contrary, the RKPM 
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t=6xlO-’ 

t=12x10-2 

Fig. 35. Large deformation fracture of a notch-bend specimen at different time steps. 

Mesh based Meshfree 

Fig. 36. Comparison between particle (meshfree) and mesh-based methods. 
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a b C 

Fig. 37. Multiscale analysis localization of the shear band: (a) Luders bands; (b) total scale solution; (c) high scale solution. 

computation ran continuously until the right and the left parts of the specimen overlap with each other. 
This example demonstrates that particle-based numerical methods such as RKPM are not sensitive to mesh 
distortion. Thus, it is a significant advantage in simulating large deformation fracture problems. 

The RKPM multiresolution analysis is performed and compared with the experimental observation of 
Luders bands (Dr. J. Knott). As shown in Fig. 37, both the total solution and the high scale solution 
capture the location of the Luders band. The latter, however, represents more detailed features of the shear 
bands which can only be observed in the experimental investigation. 

8. Conclusion 

The methodology of computational cell modeling is introduced to establish the constitutive law during 
fracture. For ductile fracture process, using this methodology and based on the microscale fracture criterion 
for a unit cell, the macroscale criterion for yield collapse caused by damage is also derived. An extension of 
this criterion to be used as the plastic potential function is proposed which describes the entire process of 
plastic flow in conjunction with voids nucleation, growth and coalescence. 

A new model parameter function is obtained based on computational cell modeling technique and the 
micro-geometry of cell with damage as well as the local boundary conditions acting on the cell. A general 
theoretical framework and a numerical algorithm for a class of rate-dependent materials has been derived. 
The algorithm is implemented as a user’s subroutine in the ABAQUS code and the RKPM(Reproducing 
Kernal Partical Method) code. 

The performance of the proposed yield criterion based on cell modeling is examined in the numerical 
examples using FEM and RKPM. The numerical examples demonstrate the effectiveness of RKPM for 
shear band localization, large deformation fracture and multiresolution analysis. As presented in the 
cracked panel example, the RKPM with desired smooth shape functions is able to obtain a thinner shear 
band pattern than that obtained by the FEM. The large deformation fracture induced in the notch-bend 
problem is handled easily by RKPM with no mesh distortion difficulties. With the ability of multiscale 
analysis, RKPM is able to capture the location of the shear band by using the high scale solution. 
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Appendix A. The damage model 

The GTN damage model: The explicit forms of the partical derivatives of the yield function for the GTN 
damage model are given by 
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The HLC model: The explicit forms of the partial derivatives of the yield function for the HLC damage 
model are given by 
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